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Hopf Galois Extensions

K/k finite
K /k Hopf-Galois

[

There exist

@ a k—Hopf algebra H of finite dimension

@ a Hopf action 1 : H — Endk(K) (K is H-module)
such that

(1,u) : K ®k H — Endk(K) isomorphism

— dimH = [K : k]
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Hopf Galois Extensions

K /k Galois

T

(1, 1) : K ® k[G] — Endy(K) isomorphism

with (1, )(s @ h)(t) =s - (n(h)(t))

Non-unicity: a Hopf Galois extension can have different Hopf
Galois structures (H, )

Crespo, T.; Rio, A.; Vela, M.: Non-isomorphic Hopf Galois structures
with isomorphic underlying Hopf algebras, J. Algebra 422 (2015),
270-276.
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Separable Hopf Galois Extensions

K /k separable

° }?/k normal closure K/k
o G = Gal(K/k) G' = Gal(K/K)

Provide the information on the Hopf Galois character of K/k

Greither-Pareigis

K /k Hopf Galois & 3 regular subgroup N C Sym(G/G')
normalized by A(G)

A(G), p(G) image of G under left,right regular reperesentation

Anna Rio Subextension techniques to describe Hopf-Galois structures



Separable Hopf Galois Extensions

Let K/k be a separable field extension, then there is a one-to-one
correspondence between

© Hopf-Galois structures on K/k
@ regular subgroups N C Sym(G/G’) normalized by A(G)

K /k Galois non abelian, at least two different structures:
classical N = p(G) and non classical N = A(G)

Hopf Galois structures enumeration: problem in group theory.
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Separable Hopf Galois Extensions

Hopf algebra attached (twist of a group algebra)

H = K[N]®

G acts on K as automorphism group
A(G) acts on N via conjugation

His a K-form of R[N]:
H®r K ~ KN

Hopf action 1 : H — Endy(K)

(Z Cal) - X = Z Cn ”_1(TG)(X)

neN neN
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Almost classical Hopf Galois extensions

K
K /k almost classical if G’ has normal G/
complement N in G K
(G=NxG’) o

k

Example [K:kl=n and G ~ D,
*amp N~ C,

G ~ Frobenius group
Example G’ ~ Frobenius complement
N = Frobenius kernel
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Byott’s reformulation

Bijection between
N ={a: N < Sym(G/G’) such that o(N) is regular}
and

G ={B: G — Sym(N) such that B(G’) is the stabilizer of ey}

o lfo,! eN & B,B' €G
a(N)=o/(N) & B(G) =0oB'(G)o! with o € Aut(N)
@ «(N) normalized by A(G) < B(G) C Hol(N)

Hol(N) = N x Aut(N)
(g,0)(h,T) = (go(h), oT)

Anna Rio Subextension techniques to describe Hopf-Galois structures



Procedure

Input n=I[K: K G = Gal(K /k)

Conjugacy class of G’ = Gal(K/K)

@ G’ has normal complement N in G?

@ N (type) runs over a system of representatives of isomorphism
classes of groups of order n

o Compute Hol(N) C S, (Magma)
e B(G) C Hol(N)?
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Crespo, R., Vela: The Hopf-Galois property in subfield lattices

Hopf Galois property for intermediate extensions
KCFCK

How does the Hopf Galois character of K/k rule the Hopf Galois
character of F/k?

K Galois = Hopf-Galois

.

K Hopf-Galois or not
k

n

Anna Rio
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n=4,5,6,7 Hopf Galois in small degree

[ Name [ |G| [ K/k

6T1 Cs 6 Galois
672 S3 6 Galois
673 D>.¢ 12 almost classical
6T4 As 12 not Hopf-Galois
6T5 Fig 18 almost classical
6T6 2A4 24 not Hopf Galois

6T7 S4(6d) 24 not Hopf Galois
6T8 S4(6¢) 24 not Hopf Galois

6T9 Fig:2 36 almost classical
6T10 | F36 36 not Hopf Galois
6T11 | 25, 48 not Hopf Galois
6T12 | As 60 not Hopf Galois
6T13 | F36:2 72 not Hopf Galois
6T14 | S5 120 | not Hopf Galois
6T15 | Ag 360 | not Hopf Galois
6716 | Se 720 | not Hopf Galois

http://galoisdb.math.upb.de
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Degree 6 with Galois group A, is not Hopf-Galois

flx)=x®—3x>—1

[12 is the minimum |G| of an extension K/k not Hopf—Ganis]

@ G’ has not normal complement: A4 has not degree 6 subgroup
@ Possible types: Cs and S3

@ Hol(Cg) ~ Ds.g and Hol(S3) ~ S3 x S3

@ 53 x 53 has not subgroup isomorphic to Ay
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Given K/k Hopf Galois: Intermediate extensions

X
™

T x— ||

F/k Hopf Galois? I

3

(n=4 G=5)

If [F : k] =12, Gal(K/F) has normal complement N = A,
F/k almost classical

If [F:kl =8, G C Hol(G x G x &)
F /k Hopf Galois not almost classical
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Given K/k Hopf Galois: Intermediate extensions

[nza Gal(R/Kk) ~ Fig : 2 ~ S x Ss ~ Hol(S3) ]

kCcKCFcCK
K/k \[F:k]\F/k ‘N
Hopf Galois 12 Hopf Galois not almost classical | Ds.¢
Hopf Galois 18 Hopf Galois almost classical 53 x G3
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n=4506,7

@ Complete study of intermediate extensions K C F C K

e With K/k Hopf-Galois, we always obtained F/k Hopf-Galois

T. Crespo, A. Rio, M. Vela, From Galois to Hopf Galois: Theory and Practice,
Contemporary Mathematics, 649 (2015)

T. Crespo, A. Rio, M. Vela, The Hopf Galois property in subfield lattices. Comm.
Algebra, 44 (2016), 1, 336-353
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Theorem on transitivity

K /k separable, K normal closure, G = Gal(K/k), G’ = Gal(K/K)
Let us assume that G’ has normal complement in G
Then, for intermediate K C F C K

K/k and F/K Hopf Galois = F/k Hopf Galois

F closure of F/K, F C K

K

F B 5
| R regular subgroup of Sym( Gal(F/K)/Gal(F/F)) ~ S,
F normalized by Gal(F/K)
K
k

N regular subgroup of Sym(G/G’) ~ S, normalized by G

N x R regular subgroup of Sym( G/Gal(K/F)) ~ S,, normalized by G
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Relative Hopf Galois

Lls the condition F/K Hopf Galois redundant?j
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Relative Hopf Galois

Lls the condition F/K Hopf Galois redundant?j No

Hol(As) = As x Aut(As) = As X Ss has a subgroup G of order 3600 which is a
transitive subgroup of Seg: (T, 0)

T = (1,53)(2,55)(3,54)(4,34)(5,14)(6,42)(7,57)(8,12)(9, 11)(10, 13)
(16,43)(17, 45)(18, 44)(20, 29)(21, 52) (23, 37)(24, 36) (25, 38) (26, 59)
(27,58)(28 60)(30,40)(31, 48)(32, 50) (33, 49) (35, 39)(41 51)(47,56)

o = (1,45,49,6,4)(2,5,37,15,34)(3,25,60,59,19)(7, 27, 16, 14, 29)
(8,23,31, 51 9)( 0,58,39, 11,47)(12, 43, 54, 13, 24)(18, 38, 40, 52, 42)
(20,48, 55, 33, 46)(22, 26, 36, 30, 50)(28, 56, 32, 41, 57).

K/Q Galois with group Sgp k= K¢ G’ = Stabg(i) K =K6¢'
Gal(K/k) = G C Hol(As) C Seo — K/k Hopf Galois

G ~ As G" C G’ of order 12 F=KG"
F/K separable degree 5 with Galois group As = F/K not Hopf Galois
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Composition of Hopf Galois extensions

Theorem concerns intermediate extensions between K and its
closure K

k=Q K =Q(v5)
@ K/Q Galois = Hopf Galois
@ F/K cubic = Hopf Galois

1—|—\/_y+ (5+3V5)y 1+\/_ ) € Klyl

@ Composition F/Q of degree 6
x% — 6x° + 9x* 4 243x3 — 729x2 + 1215x — 729 € Q[x]

Galois group F3s = F/Q not Hopf Galois
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Example: Frobenius family

K
G, p=>5
Ky G = Gal(K/k) = F,(p_1) Frobenius group
d} G’ = Gal(K/Kjy) a Frobenius complement
Ko d -
| |p — 1 proper divisor
pk G;j C G’ index d subgroup

@ Kp/k prime degree and its closure has solvable Galois group
o Ky/Ky is Galois since K/Kj is cyclic

[Thm — All the K;/k are Hopf Galois extensions (type Cy X Cp)]

Anna Rio
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Example: Frobenius family

-1
@ K, /k almost classical < gcd(pT, d=1
@ Kqy/k has Hopf Galois structure of cyclic type Cpq and of
Frobenius type Fpq
© Almost classical structures are of Frobenius type

@ For both types Galois correspondence is one-to-one

There exist Hopf Galois extensions which are not almost classically
Galois but may be endowed with a Hopf Galois structure such that
the Galois correspondence is one-to-one.

Crespo, T.; Rio, A.; Vela, M.: On the Galois correspondence theorem in separable
Hopf Galois theory, Publ. Mat. 60 (2016) 221-234.
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Induced Hopf Galois structures

K /k Galois

G = Gal(K/k)

G' = Gal(K/F)
K

| Assume G’ has normal complement in G
F
k

If Ny gives a Hopf Galois structure for F/k and N, gives a Hopf
Galois structure for K/F, then

Ny x Ny C Sym(G/G') x Sym(G’) C Sym(G)

gives a Hopf Galois structure for K /k Induced

Crespo, T; Rio, A; Vela, M: Induced Hopf Galois structures. J. Algebra 457 (2016)
312-322.
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Induced Hopf Galois structures

A Galois extension K/k with Galois group G = G; x G’ has at
least one split Hopf Galois structure of type G; x G’

A(G1) x p(G') C Sym(G)

Split structures are induced

Assume
@ K/k Galois with Hopf Galois structure Ny x No
@ Ni, N, are G—stable
o F=KM and G’ = Gal(K/F)
@ G’ has normal complement in G

Then,

N, gives a Hopf Galois structure for K/F, Ny gives a Hopf Galois
structure for F/k and the given Hopf Galois structure of K/k is
induced by those two.
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Induced Hopf Galois structures. Examples

@ Galois extensions with group G = S3 = (3 x G, have Hopf Galois
structures of type N = Gq

@ Galois extensions with group G = D,, = C, x G, have Hopf Galois
structures of type N = C, x G,

@ Galois extensions with group G =S, = A, x (; have Hopf Galois
structures of type N = A, x G

@ Galois extensions with group G = A; = V4 x C3 have Hopf Galois
structures of type N = V4 x G5

@ Galois extensions with group G = Hol(M) have Hopf Galois
structures of type N = M x Aut(M)

@ Galois extensions with group G a Frobenius group have Hopf Galois
structures of type Frobenius kernel x Frobenius complement

@ Galois extensions with group of order 2p* (p > 3) or 4p* (p > 5)
have split extensions induced from the unique p—Sylow subgroup
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Split non induced

G ={£1,+i,4j + k} = (i, j) ~ Hs

}\(’) = (1)")71)*’.)(]} k>*j»*k) = (l> iai )’ ) ') U)ij)ij)
)\U) = (1)1-»_1)_].)(")_[(»_[) k) = (1)_/)[ ol J)(’)’ Jyi )U)

normalizes
N = (1, )i, ), %) (i, 25), (1,3)3, )G, i) (2], 2), (1, 25, ) (2, i) (i3, %))

regular subgroup of Sym(G) isomorphic to G, x G x G
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Enumeration

0 e(Ay) = e(Ag, Ag) + e(Ag, Vi x G3)
e(Aq, As) =10 (Carnahan, Childs)
e(Aq, Vy x G3) > 4 (Induction)
@ G non abelian group of order 4p (p > 5)
G' its 2—Sylow subgroup. It has normal complement in G
From Kohl, number of abelian split structures:
‘ Type G4 x C,  Type Vi x G,

G'~ G p p
G' ~V, 3p p

All of them are induced
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Enumeration

e Galois group G of order pg (p > q)
e gtp—1 = order is a Burnside number and the classical

one is the unique Hopf Galois structure (Byott)
@ assume q|p—1
Q G~ (.

one split structure, the classical one, and 2g — 2 nonsplit
structures of type C, x G4

@ G ~ C, x C; Unique p—Sylow and p different g—Sylows G’
Each G’ unique induced (split) Hopf Galois structure

Obtain p induced structures of cyclic type C, x C4
According to Byott results, all the split structures

Particular case: Dy,
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Enumeration

@ p a safe prime: p=2q+ 1, g prime (Byott, Childs)
K/k Galois with group a Frobenius Fj(,_1).
Assume g > 2, otherwise case 4p = 20
G has

e one p—Sylow
e p conjugate subgroups G’ cyclic of order p —1 = 2g
K/KC' has
o classical structure (cyclic)
o 2 Hopf Galois structures of dihedral type (Byott)
— K/k has
e p induced structures of type C,_1 x C,

e 2p of type D,_1 x G,

All split Hopf Galois structures are induced
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G = Gal(K/k)
N C Sym(G) regular subgroup giving Hopf Galois structure for K/k

P < N stable under A(G) conjugation

@ F/k intermediate extension corresponding to P under Hopf Galois
correspondence

J = Gal(K/F)

Assume J is a normal subgroup of G

Then, N/P provides a Hopf Galois structure for F/k

A. Koch, T. Kohl, P.J. Truman, R. Underwood: Normality and short exact sequences
of Hopf-Galois structures, Communications in Algebra, 2019.
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Combine induction and reduction

@ G = Gal(K/k) order n
® G’ index d and such that (), gG'g ' =1
@ N order n having unique subgroup N’ of index d (= normal)

If N provides a Hopf Galois structure for K/k,
N’ is stable under A(G) conjugation
F the corresponding subfield under the Hopf Galois correspondence

If we know that a separable extension of degree d with Galois group G
has not Hopf Galois structures of type N/N’, then we get a contradiction

G can't have Hopf Galois structures of type N.
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@ Assume Gal(K/k) ~ A4

@ 5 possible Hopf Galois types: alternating A4, dicyclic Gz x Cy, cyclic
Cio = G3 X (4, dihedral Dy, = G3 x V4, direct product Gz X V4

@ Classical = A4 type
0 Ay = V4 x (3 = induced G3 x Vj type

@ Since Hol(Dics) = Hol(Ds), we are left with cyclic and dicyclic
types

N’ the 3—Sylow subgroup = N/N’ ~ (4

Hol(C,) has order 8. An extension of degree 4 with Galois closure A has
not Hopf Galois structures of type G,

[K/k has not cyclic, dicyclic or dihedral Hopf Galois types]
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@ Assume Gal(K/k) ~ S,
@ 15 different possible types
@ n3 number of 3—Sylow subgroups

e n3=1 = typeis G3 xS, S a group of order 8. 12 types
o n3 =4 = types Sy, SL(2,3) and Ay x G

@ F/k degree 8 with normal closure S, = only Hopf Galois type
G x Gy x G, (Crespo, Salguero)

@ Normality = Rule out 9 types
@ S, = Ay x G = induced structures of type Ay x G

@ S, =V, xS3 = induced strucutures of types S3 x V4 and
C6 X V4

@ Hol(SL(2,3)) has not subgroup isomorphic to Sy
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Gal(K/k) = A4, Sa

The Hopf Galois structures are the classical one and induced
structures

(3 x V4 for the alternating group

Co X Vg, S3 x Vi, Co x Ay for the symmetric group

Crespo, T.; Rio, A.; Vela, M.: Hopf Galois structures on symmetric and alternating
extensions. New York J. Math. 24 (2018) 451-457.
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Assume Gal(K/k) ~ As
13 different possible types
N # As has a unique 5—Sylow subgroup N’

Groups of order 12 have holomorph of order not divisible by 60

{The only type of Hopf Galois structures on K/k is A5}

Classical Galois structure realizes this type

(Byott) A Galois extension K/k with Galois group a non-abelian
simple group G has exactly two Hopf Galois structures: the Galois
one and the classical non-Galois one.
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Assume Gal(K/k) ~ S5

47 different possible types

@ There are induced structures of type As x G,

N = SL(2,5) has a unique p—Sylow subgroup N’ (p =2,3,5)

@ Extensions of degree 15,24,40 with normal closure Ss are not Hopf
Galois

Hol(SL(2,5)) has not transitive subgroup isomorphic to Ss

The only types of Hopf Galois structures on K/k are Ss and the split one
A5 X C2

The classical Galois structure realizes the first type and the second type
is realized as the induced Hopf Galois structure by an almost classical
Hopf Galois structure on K{T /k, where T denotes a transposition in Ss.
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Carnahan, Childs

e(S,, S,) = twice the number of even permutations in S, of order at
most 2

e(S,, A, x G) = twice the number of odd permutations in S,, of order 2.

Corollary

A Galois field extension with Galois group Ss has precisely 52 Hopf Galois
structures: 32 of type Ss and 20 of type As x G
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Holomorph of a cyclic group is a solvable group

|

a Galois extension with Galois group S, (n > 5) has not Hopf Galois
structures of cyclic type

Byott's query: extension with nonsolvable Galois group admits a Hopf
Galois structure of solvable type?
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